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e For a > 0, consider the problem:

EC400: SOFP

Problem 1 max axr + y
T,y
st.z?+(z—y)Q?<1
r>a,y>0.

Using the Kuhn-Tucker approach, write down the necessary first order
conditions that must be satisfied by the solution of the constrained
optimization problem. Are solutions to these conditions also
maximizers of the Lagrangian? Solve the constrained optimization
problem in terms of a. Find the slope of value function with respect to
a, possibly relying on the Envelope Theorem.
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EC400: SOFP @ Slater condition:
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o Note that constraints require

> <2+ (z—y? <l

e The constraint set has a nonempty interior only when a < 1.
e |t collapses to a singleton when ¢ = 1, and

e itis an empty set when a > 1.
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ks @ Lagrangian:
e L(z,y,A]a)=az+y— (2" + (z—y)"—1)— Xa(a—1z)+ N3y

Problem 1

@ Necessary FOC:
[2] a—Ndz"=2y")+ A5 =0

f - OX(y —a) + N =0
M A > 0,272+ (2" — ) < LA [z + (2" —y")? —1] =0
[Aa] A5 > 0,2 > a,\N5(z" —a)=0
[As] N> 0,y" >0, A5y" =0
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Problem 1

@ Any solution to these conditions is a maximizer of the Lagrangian
as it is the sum of concave functions and thus concave.

@ To solve the system, let’s consider all the possible cases in terms
of which constraints are binding.
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Problem 1

@ Suppose A} = 0. Then, from [y], \; = —1 < 0, contradicting [As].
Thus, | A} > 0|

@ Suppose A\ > 0. Then, y* = 0. From [y]: A\ = — (1 4+ 2A\jz*) <0
since A} > 0and z* > a > 0. Hence, |\ =0|.
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e From [\]: | y* = a+ V1 — a? since A} > 0.

e For this solution to be well-defined: 1 — a? >0 <= a <1
(remember a > 0) which holds under the Slater condition.

e From [y]: X{:ﬁ >0/.

e From [z]: A;:ﬁ—l—a >0 < |a>0.8832]| So, thisis a
solution for sufficiently high a.
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Problem 1 ° From [ﬂ:] )\* = ( ThUS

__a 1
2(2z*—y*)" (y* z*)

* _ 24a %
y —1+a$ .
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@ Alternatively, suppose \5 = 0.

EC400: SOFP

Problem 1 e From [I] )\* = W From [y] )\* = W ThUS
y = et

2+4+a

e l+a *
e From [\]: |z = oo = |y Tarara |

e Then, )\*{:—\/(H‘ﬁ)+1 >0/,

2

e Finally, check z*(a) > a <= |a < 0.8832|. So, this is a solution
for sufficiently small a.
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@ Envelope theorem: If (z*(a), y*(a), A" (a)) are differentiable and
(z*(a),y*(a)) satisfies the constraint qualification, then

dv(a) _ 9L(z"(a),y"(a), A"(a) | a)

da oa

= z%(a) — A3(a)
—lde if o <0.8832
vV (14a)*+1 ¢ =

20+1— L if a>0.8832
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For each of the following correspondences i : R = R show whether
they are convex- valued, upper-hemicontinuous or
lower-hemicontinuous:

EC400: SOFP

Problem 5

(@) h(z) =[5z, 10x) for z € [0,1];

(b) h(z)={5z,10z} forz € [0,1];
{; forz €[0,1)

0,1] forz=1

(€) h(z)=



Problem 5

Solution: Part (a)

Class #3 h(z) = [5x,10z) for z € [0, 1]
EC400: SOFP
Problem 5 y

10

5

0




Problem 5

Solution: Part (a)

Class #3 h(l‘) = [51‘7 ]_OZL') for T € [05 1]

EC400: SOFP

Problem 5 Yy [+ Open gl’aph — not UHC.




Problem 5

Solution: Part (a)

Class #3 h(l‘) = [51‘7 ]_OZL') for T € [05 1]

EC400: SOFP

Problem 5 Yy [+ Open gl’aph — not UHC.

@ Set [5z,10z) convex Vz € [0, 1]
= convex-valued.




Problem 5

Solution: Part (a)

Class #3 h(l‘) = [5]}7 ]_OZL') fOI’ T € [03 1]

EC400: SOFP

Problem 5 Yy [+ Open gl’aph — not UHC.

@ Set [5z,10z) convex Vz € [0, 1]
= convex-valued.

o V(z,y) € Gr(h),V{z}y sz — 1,
I{y}iey ik € [5z,102) VE € Nand
o L . Y —y. Thus, LHC.
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Solution: Part (b)

Class #3 h(l‘) = {5£’ 10£} fOl’ T € [07 1]

EC400: SOFP

Problem 5 Yy

@ Graph closed and union of
continuous functions
— both UHC and LHC.

@ Pz €[0,1] : set {5z,10x} convex —
not convex-valued.
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[0,1] forz=1

Problem 5

N[

@ Graph closed =— UHC.

@ Sets {1} and [0, 1] convex —>
’ convex-valued.
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1
EC400: SOFP {2 fOrI E [O, 1)

[0,1] forz=1

@ Graph closed =— UHC.

@ Sets {1} and [0, 1] convex —>
convex-valued.

@ (1,1) € Gr(h), butV {z}re, : 1 — 1,
i "  yx — 3. Thus, not LHC.
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Consider the correspondence % : R? = R?, where h(x) = (h(x),

ha(x)),
(1} >t (y i<l
h(x)=140,1 if =1 and hy(x)=141[0,1] if o =1.
{0y it m<y {0} ifm >3

Show how you can expolit Kakutani’s Fixed Point Theorem despite the
domain being open, and find all the fixed points.
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1 — hz(l’l)

Problem 7
1
2
1
3
0 ‘ >

0 1 1 1 I
3 2
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@ Both correspondences have closed graphs —- UHC. Both are
obviously non-empty and convex-valued.

Problem 7

@ The image of h belongs to [0, 1]2. We can restrict the domain to
0, 1] and Kakutani’s FP theorem applies: 3 FP in [0, 1]°.

@ Moreover, 3 FP in R?\ [0, 1] since the image is in [0, 1]2.
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EC400: SOFP

@ Finding all the FPs:
Problem 7 o 1 = —— h2((L‘1) = [07 1] — I € hg(xl).
@ Ip = % — hl(.’lig) = [0, 1] — Iy € hl(xg).

e Thus, (3,3)isaFP.

e ltis the only FP.



