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Problem 3

Consider the investment problem from Problem Set 1: given initial
value of capital K0, a firm chooses investment path {It}∞t=0 to
maximize profits

∞󰁛

t=0

βt
󰁫
AK α

t − It −
φ

2

I 2t
Kt

󰁬

subject to the capital law of motion

Kt+1 = (1− δ)Kt + It .
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Problem 3
Question 1

1. Write down the firm’s problem in a recursive form.



Class #3

EC400: DPDE

Problem 3

3/14

Problem 3
Question 1: Solution

From the law of motion of capital: I = K ′ − (1− δ)K .
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Problem 3
Question 1: Solution

From the law of motion of capital: I = K ′ − (1− δ)K .

The Bellman equation is

V (K ) = max
K ′

󰀫
AKα −K ′ + (1− δ)K − φ

2

(K ′ − (1− δ)K )2

K
+ βV (K ′)

󰀬
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Problem 3
Question 2

2. Use the first-order and envelope conditions to derive the
optimality condition for Kt .
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Problem 3
Question 2: Solution

FOC:

−1− φ
K ′ − (1− δ)K

K
+ βV ′(K ′) = 0

⇐⇒ −1− φ
I

K
+ βV ′(K ′) = 0
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Problem 3
Question 2: Solution

FOC:

−1− φ
K ′ − (1− δ)K

K
+ βV ′(K ′) = 0

⇐⇒ −1− φ
I

K
+ βV ′(K ′) = 0

Envelope condition:

V ′(K ) = αAK α−1 + (1− δ) + φ(1− δ)
I

K
+

φ

2

I 2

K 2

=⇒ V ′(K ′) = αAK ′α−1
+ (1− δ)

󰀗
1 + φ

I ′

K ′

󰀘
+

φ

2

I ′2

K ′2
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Problem 3
Question 2: Solution

Combining the FOC and envelope condition and rearranging:

1 + φ
It
Kt

= β

󰀥
αAK α−1

t+1 +
φ

2

I 2t+1

K 2
t+1

+ (1− δ)

󰀕
1 + φ

It+1

Kt+1

󰀖󰀦
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Problem 3
Question 2: Solution

Combining the FOC and envelope condition and rearranging:

1 + φ
It
Kt

= β

󰀥
αAK α−1

t+1 +
φ

2

I 2t+1

K 2
t+1

+ (1− δ)

󰀕
1 + φ

It+1

Kt+1

󰀖󰀦

Note this is the same optimality condition we obtained in PS1.
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Problem 3
Question 3

3. Show that the solution to the Bellman equation exists
and is unique.
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Problem 3
Question 3: Solution

Consider the metric space of bounded, continuous functions
f : X → R with ρ(f , g) ≡ maxx∈X |f (x )− g(x )|, which can be
shown to be a complete metric space.
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Problem 3
Question 3: Solution

Consider the metric space of bounded, continuous functions
f : X → R with ρ(f , g) ≡ maxx∈X |f (x )− g(x )|, which can be
shown to be a complete metric space.

The Bellman operator

T f ≡ max
B ′∈Γ(B)

{u(B ,B ′) + βf (B ′)},

with u(·, ·) bounded and continuous, and Γ(·) compact-valued and
continuous, maps this space into itself.
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Problem 3
Question 3: Solution

The Bellman operator can be shown to be a contraction mapping.
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Problem 3
Question 3: Solution

The Bellman operator can be shown to be a contraction mapping.

The contraction mapping theorem ensures the solution, a fixed
point of T, exists and is unique.
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Problem 3
Question 4

4. Rewrite the Bellman equation for an arbitrary period
length of ∆.
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Problem 3
Question 4: Solution

Note that the investment cost It and the adjustment cost φ
2

I 2t
Kt

are
flows.
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Problem 3
Question 4: Solution

Note that the investment cost It and the adjustment cost φ
2

I 2t
Kt

are
flows.

The problem for an arbitrary length of period ∆ is

V (Kt) = max
It

󰀝
AK α

t ∆− It∆− φ

2

I 2t
Kt

∆+ e−ρ∆V (Kt+∆)

󰀞

s.t. Kt+∆ = (1− δ∆)Kt + It∆
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Problem 3
Question 5

5. Derive the HJB equation taking the limit ∆ → 0.
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Problem 3
Question 5: Solution

Using e−ρ∆ ≈ 1− ρ∆, rearranging, and dividing by ∆ on both
sides:

0 = max
It

󰀝
AKα

t ∆− It∆− φ

2

I 2t
Kt

∆+ (1− ρ∆)V (Kt+∆)− V (Kt)

󰀞

⇐⇒

ρV (Kt+∆) = max
It

󰀝
AKα

t − It −
φ

2

I 2t
Kt

+
V (Kt+∆)− V (Kt)

Kt+∆ −Kt

Kt+∆ −Kt

∆

󰀞
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Problem 3
Question 5: Solution

Using e−ρ∆ ≈ 1− ρ∆, rearranging, and dividing by ∆ on both
sides:

0 = max
It

󰀝
AKα

t ∆− It∆− φ

2

I 2t
Kt

∆+ (1− ρ∆)V (Kt+∆)− V (Kt)

󰀞

⇐⇒

ρV (Kt+∆) = max
It

󰀝
AKα

t − It −
φ

2

I 2t
Kt

+
V (Kt+∆)− V (Kt)

Kt+∆ −Kt

Kt+∆ −Kt

∆

󰀞

Taking the limit as ∆ → 0 on both sides:

ρV (Kt) = max
It

󰀝
AK α

t − It −
φ

2

I 2t
Kt

+ V ′(Kt)K̇t

󰀞
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Problem 3
Question 5: Solution

From the law of motion of capital:
Kt+∆ −Kt

∆
= It − δKt
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Problem 3
Question 5: Solution

From the law of motion of capital:
Kt+∆ −Kt

∆
= It − δKt

Taking the limit as ∆ → 0 on both sides:

K̇t = It − δKt



Class #3

EC400: DPDE

Problem 3

14/14

Problem 3
Question 5: Solution

From the law of motion of capital:
Kt+∆ −Kt

∆
= It − δKt

Taking the limit as ∆ → 0 on both sides:

K̇t = It − δKt

Finally, plugging into the expression from the previous slide, we
obtain the HJB equation:

ρV (K ) = max
I

󰀝
AK α − I − φ

2

I 2

K
+ V ′(K ) (I − δK )

󰀞


